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Cascade Viscous Flow Analysis
Using the Navier-Stokes Equations

Roger L. Davis,* Ron-Ho Ni,t and James E. Carter^
United Technologies Corporation, East Hartford, Connecticut

A previously developed explicit, multiple-grid, time-marching Navier-Stokes solution procedure has been
modified and extended for the calculation of steady-state high Reynolds number turbulent flows in cascades.
Particular attention has been given to the solution accuracy of this procedure as compared with boundary-layer
theory and experimental data. A new compact discretization scheme has been implemented for the viscous terms
which has the same finite-difference molecule as the inviscid terms of the Navier-Stokes equations. This compact
operator has been found to yield accurate and stable solutions in regions of the flow where the gradients are large
and the computational mesh is relatively sparse. A modified C grid generation procedure has been developed for
cascades that greatly reduces grid skewing in the midgap region. As a result, numerical errors associated with the
use of numerical smoothing on skewed grids are reduced considerably. In addition, a body normal grid system
has also been generated for accurately determining the eddy viscosity distribution based on an algebraic tur-
bulence model and for comparing the results directly with boundary-layer theory. A combined second and
fourth difference numerical smoothing operation has been carefully constructed to prevent oscillations in the
solution for the flow over complicated geometries without contaminating the velocity profiles near the wall.
Results from turbine and compressor applications are presented to demonstrate the accuracy of the present
scheme through comparisons with experimental data and attached boundary-layer theory.

Nomenclature
c = speed of sound
Cp = specific heat at constant pressure
Cv = specific heat at constant volume
e - specific internal energy
E = total energy
h = static enthalpy
H = stagnation enthalpy or streamtube height
M =Mach number
N = normal distance from airfoil surface
P = static pressure
Pr =Prandtl number
PrT = turbulent Prandtl number
PT = stagnation pressure
R =gas constant
Re - Reynolds number based upon unit length
St =Stanton number
T = static temperature
TT - stagnation temperature
t = time
u = axial (x) component of velocity
v = tangential (y) component of velocity
V = velocity
V = volume of computational cell
x = axial component of Cartesian coordinate system
y = tangential component of Cartesian coordinate

system
j8' =air angle relative to tangential
e = turbulent eddy viscosity coefficient
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= ratio of specific heats, CP/CV
= kinematic viscosity coefficient
= density
= smoothing coefficient

Subscripts
1 = inlet
2 = exit
INV = inviscid
VIS = viscous

Introduction

THE drive toward higher jet engine efficiency has resulted
in increased aerodynamic and heat-transfer demands on

the compressor and turbine sections of gas turbine engines. As
loading requirements in the blade rows and turbine inlet
stagnation temperatures increase beyond the range of previous
applications, the designer's job becomes increasingly difficult
without the use of sophisticated three-dimensional flow
analyses. Separated flow regions and hot spots in tur-
bomachinery blade passages occur more frequently as the
operation envelope is pushed to the limit. In order to deter-
mine the existence and effects of these phenomena, an ac-
curate and reliable three-dimensional viscous flow procedure
becomes necessary.

The analysis and prediction of three-dimensional viscous
flows in blade rows have only recently been treated in the
literature.1'3 Severe demands are placed on computer storage
and computational time in order to resolve accurately the wall
layers adjacent to the airfoil surface and endwalls. A logical
starting point for the eventual development of a three-
dimensional viscous analysis for turbomachinery is the
development of a two-dimensional solution technique for the
Navier-Stokes equations in which the wall layers are resolved
with fine grid distributions. Recent advances in multiple-grid
and implicit procedures have led to the development of several
two-dimensional cascade Navier-Stokes techniques.4"7 The
overall objective of the present investigation is the develop-
ment of a cascade Navier-Stokes solution procedure based on
the Ni8 Euler technique which gives good agreement with ex-
perimental data and finite-difference, boundary-layer calcula-
tions for attached flows.
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The present solution technique for the two-dimensional
Navier-Stokes equations is a modification and extension of the
one-step control volume algorithm presented by Davis et al.9
This algorithm uses an explicit, control volume approach com-
bined with an efficient multiple-grid scheme8'9 to update the
flow variables in time until a steady-state solution is obtained.
The solution procedure is formally second-order accurate in
space for all terms in the Navier-Stokes equations. The present
time-marching scheme is second-order accurate in time for in-
viscid flow and first-order accurate in time for viscous flow
which is similar to previous efforts.10'12 Several modifications
and improvements in this Navier-Stokes solution technique
have been made in the present investigation to allow for the
calculation of turbulent, high Reynolds number flow in
cascades. A new compact operator for the calculation of the
viscous terms in the Navier-Stokes equations has been
developed which improves the accuracy and stability of the
numerical approach. A modified C grid generation procedure,
developed in collaboration with Dannenhoffer13 and based
upon the "GRAPE" Poisson solver of Sorenson14 and Steger
and Sorenson,15 has been found to greatly reduce the com-
putational grid skewing in the midpassage region compared to
standard cascade C grid applications, thereby reducing
numerical losses introduced by smoothing operators applied
on skewed grids. The Baldwin-Lomax16 two-layer algebraic
turbulence model has been implemented using a body normal
grid that alleviates any a priori approximations as to the
thickness of the boundary-layer region adjacent to the solid
surface. A combination of second and fourth difference
numerical smoothing is used in the present numerical pro-
cedure to dampen oscillations brought about by truncation er-
rors on relatively coarse grids. Both second and fourth dif-
ference smoothing operators for the flow variables pu and pv
are reduced to zero as the solid boundary is approached in
order to accurately resolve the viscous layer region.

Analysis
Navier-Stokes Solution Procedure

The technique described in this paper is an explicit, time-
marching, control volume scheme. The time-dependent,
Reynolds-averaged Navier-Stokes equations are integrated
around small discrete quasi-three-dimensional control
volumes defined by the computational mesh and streamtube
height distribution to give the time rate change of the flow
variables. The time rate change of the flow variables is
multiplied by the appropriate local time step and the flow
variables are then updated in time. A multiple-grid algorithm
is used to accelerate convergence to a steady-state solution.

Governing Equations
The two-dimensional Navier-Stokes equations are solved in

conservative form in a Cartesian coordinate system for cases
without blade rotation or radius change effects. In cases which
include blade rotation or radius change effects, the Navier-
Stokes equations are solved in conservative form in the cylin-
drical coordinate system along a cone with a linearly varying

radius between the leading and trailing edge of the cascade.
The quasi-three-dimensional effects due to varying streamtube
height are included in either coordinate system. For the sake
of simplicity, only the Navier-Stokes equations in Cartesian
form will be presented here. The Navier-Stokes equations as
solved in the present procedure are given as
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In addition,

E=p[e+ l/2(u2 + v2)] H=h+ l/2(u2 + v2)

P = pRT H=(E+P)/p

For adiabatic flows, the energy equation is replaced by

H= const (3)

Fig. 1 Computational cell.

For a perfect gas

h = CpT e = CvT

Cp=yR/(y-l) Cv=R/(y-l) (4)
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Sutherland's law is used to relate the coefficient of viscosity to
the static temperature for air. The turbulent eddy viscosity is
obtained from the Baldwin-Lomax16 two-layer, algebraic tur-
bulence model as will be discussed later.

The local time step used in this procedure is determined
from the CFL and diffusion limitations described by Richt-
myer and Morton17 as follows:

• I I +C+ I (5)

where L is the streamwise or tangential direction across the
control volume, 1 the unit vector along L, \i the total viscosity
coefficient given by

(6)

and /t an estimate of the artificial viscosity coefficient due to
the second and fourth difference numerical smoothing per-
formed, which will be described later. The coefficient a. is the
inverse of the diffusion number and has been set equal to 8.0
based upon numerical results.

Boundary Conditions
The total pressure and total temperature are either held con-

stant or at a prescribed distribution at the upstream boundary
of the cascade, which is usually located 15% of the axial chord
upstream of the leading edge. The average air angle is also
held fixed at the upstream boundary by redefining the local
time rate changes in the velocity components to be propor-
tional to the difference between the average inlet air angle at
the new time level and the inlet air angle which is to be held.
The local time rate changes in the density and energy are then
redefined using Eq. (2) in order to hold the inlet total pressure
and total temperature. At the downstream boundary, which is
usually located 15% of the axial chord downstream of the
trailing edge, the average static pressure is held when the flow
is subsonic. This is performed by redefining the local time rate
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Fig. 2a Standard C grid.
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changes in the density and energy using Eq. (2) to be propor-
tional to the difference between the average exit static pressure
at the new time level and the exit static pressure that is to be
held. The advantage of holding the average static pressure at
the downstream boundary as opposed to a constant static
pressure condition is that local variations in the static pressure
may occur without incurring a change in the mass flow rate.
This relieves feedback of pressure waves into the computa-
tional domain, especially as the "start-up" vortex passes
through the downstream boundary. When the exit flow is
supersonic, a radiation condition9 is used at the downstream
boundary. A no-slip boundary condition is used at the solid
boundaries and, for nonadiabatic flows, a wall stagnation
temperature distribution is prescribed. In addition, a
transpiration boundary condition is allowed at the wall to
model film cooling effects or boundary-layer suction. A
periodicity condition is used along the wake centerline and at
the outer boundary of the computational C grid in the midgap
region of the cascade passage.

Numerical Scheme
The numerical technique used to obtain a steady-state solu-

tion of the Navier-Stokes equations consists of an extension of
the explicit Ni8 multiple-grid scheme originally used for the
solution of the Euler equations. In a previous effort,9'10 the
algorithm developed by Ni was extended to the solution of the
Navier-Stokes equations for laminar flows. In this technique,
the procedure of updating the flow variables of £7 in time was
performed according to a second-order accurate Taylor series
expansion given by

(7)
dt dt2

The viscous stress and conduction terms of the Navier-Stokes
equations were calculated using central difference formulas
and stored at the computational nodes (i.e., at A through I in
Fig. 1) and, as such, were included in the integration step
which determined the first-order time rate change of the flow
variables at the primary control volume centers (i,e., at a
through d in Fig. 1). For instance, at cell center c in Fig. 1,

dU
V EFIH RbT

+G2>:
(8)

Subsequently, these time rate changes are computed and
distributed to the computational nodes using the Ni distribu-
tion formula8 which consists of two basic operations. The first
operation determines the first-order time rate change at the
computational nodes by averaging the surrounding primary
control volume center values (i.e., at a through d) as given, for
example at E, by

dU
dt (9)

The second operation determines the second-order time rate
change at the computational nodes through a piecewise in-
tegration of the time derivative of the Navier-Stokes equations
around a secondary control volume that has its corners at the
surrounding primary control volume centers. This operation is
written as follows for node E:

d2U
dt2 abcd dt

d(F1+F2)
dx \dV (10)

Fig. 2b Modified C grid.

This approach is similar to Ni's solution procedure except that
the Navier-Stokes equations are substituted for the Euler
equations. Thus, the viscous shear stress and conduction terms
affect both the first- and second-order time rate changes at the
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Fig. 3a Predicted pressure distribution for 10% circular arc cascade.
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Fig. 3b Predicted Stanton number distribution for 10% circular arc
cascade.

Fig. 3c Predicted velocity profiles for 10% circular arc cascade.
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Fig. 3d Predicted temperature profiles for 10% circular arc cascade.

computational nodes with this scheme. The domain of in-
fluence of the viscous terms on a given computational node in
this approach includes information from its surrounding 25
nodes or 2 computational cells in each direction. Even though
second-order temporal and spatial accuracy is maintained
with this approach, solutions for cascade geometries have
been found to exhibit oscillations in high gradient regions near
the leading and trailing edges. These oscillations are thought
to be due in part to the truncation error introduced by the
large domain of influence on each node. In order to alleviate
these oscillations, a new compact discretization technique for
the viscous terms in the Navier-Stbkes equations was
developed that reduces the domain of influence on a computa-
tional node to include information from only its 9 surrounding
nodes.

In the new approach, the viscous shear stress and conduc-
tion terms in the Navier-Stokes equations have been uncou-
pled from the "distribution formula" of the original scheme9

used to distribute biased time rate changes of the flow
variables from the control volume centers to the computa-
tional nodes. In this new procedure, the method of updating
the flow variables of U in time is performed according to the
formula

dt
du
dt A/+ d2U

VIS7

I A'2
INV 2

(U)

The Euler equations are integrated around the primary control
volumes such as EFIH in Fig. 1, defined by the computational
grid, to give the inviscid first-order changes in time of the flow
variables at the control volume centers (i.e., at c in Fig. 1).

dU
dt IINV

The inviscid flow variable first-order changes in time at the
computational nodes (i.e., at E), are calculated from an
averaging of the surrounding control volume center inviscid
first-order time rate changes (i.e., at a,b,c, and d) as part of
the distribution formula.8

du
~dT I INV = ^ E4 k

(13)
INV

The contribution of the inviscid terms to the second-order
changes in time of the flow variables are included in the
distribution formula through a piecewise integration of the
time rate derivative of the Euler equations around spatially
translated control volumes (i.e., defined by abed) given by

d2U
dt2 =_L[ A(^i

r "V Jabcd dt \ dx dy

These steps are identical to those taken by Ni for the solution
of the Euler equations. One extra step is now added to the
numerical approach to include the viscous terms of the Navier-
Stokes equations. The first-order changes in time of the flow
variables at the computational nodes due to the viscous terms
are calculated from an integration of the shear stress and con-
duction terms around the same spatially translated control
volumes that are used to calculate the second-order time rate
changes (i.e., abed).

dU
dt

i r («i
V Jabcd \ dx dy

These time rate changes due to the viscous effects are added to
the combined first- and second-order inviscid time rate
changes just prior to updating of the flow variables. The flow
variables are then updated in time and the multiple-grid
alogrithm8 which is based solely on the Euler equations is
initiated.

The shear stress and conduction terms at the primary con-
trol volume centers a, b, c, and d are obtained using ap-
propriate first-order backward or forward differences at the
computational node E which are subsequently applied to
points, a, b, c, and d prior to integration. For example, the x-
and j>-axial velocity derivatives at point b are obtained from
first-order forward and backward differences, respectively, at
E: _du_

~dx~~

du
dy (16)
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Similarly, the x- and y-velocity derivatives at point c are ob-
tained from first-order backward differences at E. In this ap-
proach, the result of the integration of the stress and conduc-
tion terms around the control volume abed is similar to a
Laplacian 5-point finite-difference operator that is formally
second-order accurate. This approximation is consistent with
the finite-difference diffusion operators found in differential
boundary-layer procedures and is consistent with the domain
of influence of the in viscid operators in the present approach.

Turbulence Model Implementation
The Baldwin-Lomax algebraic turbulence model16 has been

implemented into the present solution procedure using a body
normal grid. In previous applications4'6 of the Baldwin-
Lomax scheme for Navier-Stokes analyses, the eddy viscosity
of the flow has been calculated directly on the computational
mesh. In order to be consistent with boundary-layer theory,
which is solved along lines perpendicular to the surface, a
body normal coordinate system has been used in the present
Navier-Stokes scheme to implement the Baldwin-Lomax tur-
bulence model. The intersection points of the body normal
grid and the computational grid are calculated and stored
prior to the time-marching scheme. A small amount of addi-
tional calculational time is required to interpolate the flow
variables and vorticity from the computational grid to the
body normal grid and then interpolate the eddy viscosity
distribution back from the body normal grid onto the com-
putational grid. The advantage of the body normal grid im-
plementation of the Baldwin-Lomax model is that it is not only
consistent with boundary-layer theory, but the eddy viscos-
ity can be computed from the wall to the edge of the computa-
tional mesh without having to make any a priori estimate of
the location of the edge of the viscous layer, as has been done
in other Navier-Stokes analyses. This increases the accuracy of
the turbulence model particularly in regions of the flow where
the boundary layer becomes quite thick and allows the model
to distinguish where and how the eddy viscosity should
decrease away from the wall in the outer layer. After the
Navier-Stokes calculation is complete, the body normal grid is
also very useful for obtaining velocity profile information as
well as the integral quantities such as momentum and displace-
ment thickness, as will be demonstrated in the section titled
"Results and Discussion." It has been found through
numerical experimentation that the eddy viscosity need not be
calculated every time step, which generally must be performed
when using the time-dependent two equation turbulence
models. The eddy viscosity in the present Navier-Stokes
algorithm is recalculated every 20th time step.

Numerical Smoothing
Numerical experiments have shown that when the computa-

tional grid is sufficiently fine for a given problem, the present
Navier-Stokes technique does not require any artificial viscos-
ity in the form of numerical smoothing to prevent oscillations
in the flowfield. For typical cascade geometries, however, the
computational time and computer storage required to obtain
solutions using computational grids that are fine enough to
alleviate the need for numerical smoothing are too great. A
detailed study of the present numerical procedure on typical
cascade geometries has been conducted to define a numerical
smoothing strategy that does not contaminate the velocity or
temperature profiles but yet maintains stability in regions of
high gradients and relatively coarse grid spacing. A combina-
tion of second and fourth difference numerical smoothing
similar to that presented in Refs. 4 and 18. is used to eliminate

oscillations. In the present procedure, an artificial diffusion
operator given by

where

2 -4Uk_i + 6Uk -4Uk+l + Uk+2)

£/=£/+ At/

= 0.25 g2(N) and ^4 = 0.004 g4(N)

(17)

is added to the right-hand side of the numerical approximation
to Eq. (1). Smoothing in the form of Eq. (17) is performed on
U=p, pu, pv, and E along the streamwise (where k = I) and
tangential (where k - J) computational lines. Smoothing of the
flow variables within U is based upon the variables plus their
total time rate changes A U with the exception that the
smoothing of E is based upon E + P plus their total time rate
changes. The study has shown that both the second and fourth
difference numerical smoothing of the velocity components
(i.e., pu and pv) must be reduced to zero in both directions as
the solid boundary is approached in order to maintain agree-
ment with boundary-layer theory. Numerical tests have shown
that the numerical smoothing of the density and energy does
not need to be reduced to zero, however, thereby alleviating
oscillations in the pressure field. The functions g2 (N) and
£4(^0 are exponential decay functions which are used to
reduce the second and fourth difference smoothing, respec-
tively, of pu and pv to zero from the outer computational
boundary to the wall. These functions are not used in the
smoothing of the density and energy. The g2 (N) and g4 (N)
functions are somewhat arbitrary and are defined to approach
zero quickly from the edge of the boundary layer to the wall.
In supersonic regions of the flow, it is necessary to reduce \l/4
and raise \l/2, especially in high gradient regions since the
fourth difference smoothing has a destabilizing effect. The
solutions shown in the section on results demonstrate the ac-
curacy that is obtainable with boundary-layer theory using the
present smoothing techniques.

Computational Grid for Cascades
A modified C grid generation procedure has been developed

for cascades that greatly reduces grid skewing in the mid
passage region thereby reducing truncation errors of the
numerical scheme and errors associated with numerical
smoothing. This procedure, developed in collaboration with
Dannenhoffer,13 is based upon the technique presented by
Sorenson14 and Steger and Sorenson.15 The Dirichlet bound-
ary condition typically used in the midgap region of cascades
has been replaced with a periodic boundary condition and the
outer boundary is solved in the same fashion as the interior
points. The number of points at the upstream boundary is
prescribed and held fixed during the computation. Solution of
the outer boundary is performed by differencing the Poisson
equations across the periodic boundary and setting the
weighting factors associated with the outer boundary on the
right-hand side of the Poisson equations to zero, except near
the upstream boundary where they are chosen so as to vary the
grid spacing smoothly from that at the upstream boundary.
An iterative, implicit successive line relaxation scheme is used
to solve the tridiagonal equation set. Figures 2a and 2b show a
comparison between a standard C grid which has been used in
several investigations4'6 for cascade flows and the new
modified C grid. The periodic boundary condition on the
midgap boundary allows the computational mesh to adjust
itself in both directions from the initial guess in order to make
the mesh as orthogonal as possible in this region. As a result,
the metrics of the computational grid remain continuous
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across the periodic boundary, which should reduce the trunca-
tion error of the Navier-Stokes scheme. In addition, it has
been found that the numerical errors associated with
numerical smoothing on skewed grids are reduced
considerably.

In the generation of computational grids for viscous
calculations, an algebraically generated grid is patched into a
relatively coarse Euler C grid near the airfoil surface and along
the wake centerline. The patched viscous grid is determined by
adding and redistributing mesh points along the original
tangential grid lines of the Euler mesh using a logarithmic
stretching formula which ensures a constant spacing at the
wall, which is typically 10 ~4 of the airfoil axial chord, as well
as continuous spacing at the outer edge of the patched grid. By
generating the viscous grid in this manner, much less computa-
tional time is required by the Poisson solver and much more
control of the grid point distribution in the viscous part of the
flowfield is obtained. The modified C grid is very general, as
shown in the following section, and can be used for cascades-
over a wide range of turning and solidity.

Results and Discussion
The previously described Navier-Stokes solution procedure

has been tested on several cascade configurations. A model
problem in which the computational grid spacing is suffi-
ciently fine to alleviate the need for any explicit numerical
smoothing has been used extensively to test the accuracy of the
present procedure. The results of this model problem for tran-
sitional flow with heat transfer are presented. A turbine
cascade with fully turbulent subsonic flow, a compressor
cascade with transitional transonic flow, and a turbine cascade
with transitional separated flow are also presented as a
demonstration of the accuracy of the present technique for
typical cascade configurations.

Model Problem
Chima and Johnson11 presented results for the laminar flow

over a 10% circular arc cascade with a unit chord and a
gap/chord ratio of 2.0 at an upstream chord Reynolds number
of S.lxlO3 . The present Navier-Stokes scheme has been
tested on this test case and found to give excellent agreement
with their results as well as with boundary-layer theory. A
similar test case for transitional flow with heat transfer has
been calculated for the same geometry but at a much higher
Reynolds number. In this case, the chord Reynolds number
based on the upstream conditions was 105, the Prandtl and
turbulent Prandtl numbers were 0.72 and 0.95, respectively,
and the inlet and exit Mach numbers were 0.5. A 125x33
point grid was used in this calculation where the minimum
Ay/chord at the wall was 3.125xlO~4 and the minimum
Ax/chord at the leading edge of the cascade was 7.5 x 10~3.
Approximately 15 grid points were located in the boundary-
layer region. The grid was refined at the leading edge of the
cascade in order to resolve the high streamwise gradients in the
flow near the stagnation point without the use of any
numerical smoothing. Two levels of multiple grid were used in
addition to the fine grid solution to accelerate convergence to
steady state. The inlet total pressure and average air angle, as
well as the exit static pressure, were held constant during the
calculation. A tangency condition was enforced on the upper
(midchannel) boundary as well as the lower boundary
upstream of the cascade leading edge located at x=0.0. A no-
slip boundary condition was used on the cascade wall as well
as the splitter plate downstream of the blade. A wall
temperature 50% greater than the freestream total
temperature was specified and held constant during the
calculation. Instantaneous transition from laminar to tur-
bulent flow was specified at A:=0.5 (midchord) and held fixed
during the calculation. The calculation was run 2000 time
steps which resulted in the maximum change in the normalized
mass flux (Ap JO to be reduced four orders of magnitude.

Figures 3a and 3b show the pressure and Stanton number
distributions for the circular arc cascade, respectively. The
ALESEP19 finite-difference boundary-layer procedure was
run using the boundary-layer edge velocity calculated from the
surface pressure distribution shown in Fig. 3a as the pre-
scribed edge condition. The boundary-layer solution was
calculated using the same streamwise grid locations as
prescribed in the Navier-Stokes solution. Figure 3b shows very
good agreement between the present Navier-Stokes and
boundary-layer results for the Stanton number. Similar agree-
ment was found in the skin friction and displacement
thickness distributions. Figures 3c and 3d show a comparison
of the Navier-Stokes and boundary-layer velocity and
temperature profiles at three locations along the cascade. Ex-
cellent agreement exists between the Navier-Stokes and
boundary-layer solutions. This favorable comparison
demonstrates that the current Navier-Stokes procedure is
capable of accurately resolving thin viscous layers.

Turbine Cascade
Figure 2b shows the computational mesh used for a low

pressure turbine tested experimentally by Sharma et al.20 The
inlet and exit aerodynamic conditions chosen for the
numerical calculations are given in Fig. 4b. The flow was
assumed to be fully turbulent. In the viscous solution, a
161 x 33 point mesh was used where the first grid point off the
body was located 10 ~4 of the axial chord away from the sur-
face. Since the flow was essentially adiabatic, the viscous
calculation was performed with the total temperature held
constant. The solution was considered to be converged when
the maximum change in the normalized mass flux Ap V was
less than 10~4. This typically reflects a reduction of at least
three orders of magnitude from its initial value.

Figure 4a shows the effect of multiple grid on the con-
vergence history for this turbine case. A viscous calculation on
the fine grid shown in Fig. 2b without multiple grid took 4700
iterations to reach convergence, whereas in a similar calcula-
tion which used three levels of multiple grid in addition to the
fine grid, convergence was reached in 890 iterations. Con-
vergence was obtained 5.3 times faster for this viscous calcula-
tion through the use of three levels of multiple grid in addition
to the fine grid solution. The resulting solutions of the two
calculations were essentially identical demonstrating that the
multiple-grid acceleration scheme has no adverse effect on the
spatial accuracy.

Figure 4b shows a comparison of the predicted pressure
distribution with Sharma's experimental data. The predicted
pressure distribution is in excellent agreement with the ex-
perimental data. The viscous effects are relatively weak in this
case as essentially the same pressure distribution was deduced
from an in viscid solution. Therefore it was feasible, as in the
previous model problem case, to assess the accuracy of the
viscous flow solution obtained from the Navier-Stokes equa-
tions with the results of a direct calculation of the boundary-
layer equations subject to the computed pressure shown in
Fig. 4b. A boundary-layer solution, extending from the
leading edge stagnation point to the trailing edge on the suc-
tion side of the airfoil, was calculated with the same stream-
wise grid as used in the Navier-Stokes solution. A small
separation bubble near the leading edge prevented a similar
direct boundary-layer calculation for the pressure side of the
airfoil. Figure 4c shows good agreement between the predicted
skin-friction distribution of the Navier-Stokes procedure with
the results of a finite-difference boundary-layer solution for
the suction side of the turbine blade. The oscillations in the
skin-friction distribution in the leading and trailing edge
region are probably due to the truncation error that results
from the relatively coarse streamwise grid spacing. These
oscillations could be eliminated with either a refinement of the
computational mesh in these regions or with an increase in the
fourth difference smoothing; however, the agreement with the
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Fig. 4a Effect of multiple grid on convergence history for turbine
cascade.
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Fig. 4b Predicted pressure distribution for turbine cascade.
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Fig. 4c Predicted skin-friction distribution for turbine cascade.
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Fig. 4d Predicted displacement thickness distribution for turbine
cascade.

boundary-layer solution has been found to deteriorate cor-
respondingly with higher levels of numerical smoothing.
Figure 4d shows a similar comparison between the Navier-
Stokes solution and the boundary-layer solution for the
displacement thickness on the suction side of the airfoil. Ex-
cellent agreement exists between the two solutions demonstrat-
ing that the Navier-Stokes technique is capable of predicting
boundary-layer integral quantities with high accuracy. Very
good agreement also exists between the predicted velocity pro-
files of the Navier-Stokes and boundary-layer solutions.
Significant effort has been required in this case, and the two
cases to be discussed next, in order to reduce the numerical
smoothing coefficients such that favorable comparison could
be obtained with the results from attached boundary-layer
theory. A critical step that has been found in this investigation
is that the smoothing of the velocity components must be
reduced to zero in the viscous layer in order to obtain consis-
tent results with boundary-layer theory. .

- 2 - 1 0 1 " 2 3 4 5

Fig. 5a Computational grid for compressor cascade.
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Fig. 5b Predicted pressure distribution for compressor cascade.
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Fig. 5c Predicted skin-function distribution for compressor cascade.
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Fig. 5d Predicted velocity profile for compressor cascade.
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Fig. 6a Computational grid for turbine cascade.
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Fig. 6b Predicted pressure distribution for turbine cascade.

Fig. 6c Predicted streamline pattern for separated turbine cascade.
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Fig. 6d Predicted skin-friction distribution for separated turbine
cascade.

Compressor Cascade
Calculations have also been performed for the transonic

compressor blade tested experimentally by Stephens and
Hobbs.21 As in the previous turbine example, a 161 x 33 point
mesh, shown in Fig. 5a, was used in the viscous solution
whereas a 161 x 17 point mesh was used in the inviscid calcula-
tion. Three levels of multiple grid were run in addition to the
fine grid solution in both the viscous and inviscid calculations.
The viscous solution converged (ApFmax< 10 ~4) in 1380 time
steps, whereas the inviscid solution converged in 290 time
steps using the same criteria. Transition was held fixed at the
minimum pressure point on each side of the airfoil just aft of *

the leading edge. The inlet and exit aerodynamic conditions
chosen for this cascade are given in Fig. 5b. Figure 5b shows
the comparison between the viscous and inviscid predicted
pressure distributions with the experimental data. Excellent
agreement exists between the viscous solution and the ex-
perimental data, whereas the inviscid solution predicts a
strong shock on the suction side of the airfoil which is not
observed in the experimental data. The interaction between
the viscous and inviscid flows in the transonic region of this
cascade is quite strong as shown in Fig. 5b by the large dif-
ference between the viscous and inviscid solutions in this
region. In order to evaluate the accuracy of the Navier-Stokes
solution, a finite-difference boundary-layer solution was
calculated between the leading edge stagnation point and the
trailing edge on each side of the airfoil. As in the previously
described cases, the predicted pressure distribution of the
Navier-Stokes solution was used as the input edge condition
for the boundary-layer calculations. The stream wise grid
points defined in the Navier-Stokes solution were used in the
boundary-layer calculations. Figure 5c shows a comparison
between the predicted skin-friction distribution of the Navier-
Stokes and boundary-layer solutions. Very good agreement
exists between the two solutions. Figure 5d shows the
predicted velocity profiles of the Navier-Stokes and boundary-
layer solutions at three positions along each side of the airfoil.
Good agreement exists between the Navier-Stokes and bound-
ary-layer velocity profile solutions, thereby demonstrating
that the present method is simultaneously capable of capturing
small scale viscous flow near the surface as well as the global
inviscid flow. Comparison of the Navier-Stokes velocity pro-
files, such as shown in Fig. 5d, and temperature profiles with
boundary-layer theory is greatly expedited through the use of
the body normal grid previously discussed.

Turbine Cascade With Separated Flow
A case which demonstrates the ability of the current Navier-

Stokes procedure to predict flows with significant separation
is the subsonic turbine cascade tested experimentally by Stoef-
fler et al.22 The 161 x 33 point grid shown in Fig. 6a was used
in the viscous calculation whereas a 161 x 17 point mesh was
used for the inviscid calculation. Both calculations were run
with three levels of multiple grid in addition to the fine grid
solution. The viscous solution converged in 1500 time steps
whereas the inviscid calculation reached convergence in 260
time steps. The flow on the suction side of the airfoil was
assumed to be fully turbulent, and for the pressure side of the
airfoil, where a large separated region existed, transition was
held fixed at x = 0.24, which was determined from the em-
pirical correlation of Roberts23 for closed transitional separa-
tion bubbles. The inlet and exit aerodynamic conditions for
this cascade are given in Fig. 6b along with the comparison
between the predicted pressure distributions and the ex-
perimental data. Comparison of the predicted pressure
distributions from both the Navier-Stokes and Euler analyses
with the experimental data in Fig. 6b shows that the Navier-
Stokes analysis has predicted correctly the change in the
pressure due to the viscous effects. In this case it is quite clear
that a significant inviscid-viscous interaction occurs due to the
pressure side separation that affects the pressure distribution
on both sides of the airfoil. The predicted streamline pattern
shown in Fig. 6c clearly shows the extent of the separated flow
region on the pressure side of the airfoil. A boundary-layer
solution was calculated for the suction side of the turbine air-
foil between the leading edge stagnation point and the trailing
edge to establish the accuracy of the Navier-Stokes solution as
compared with boundary-layer theory. As in the previous ex-
amples, the predicted pressure distribution of the Navier-
Stokes solution was used as the input edge condition for the
boundary-layer calculation. Again, the Navier-Stokes stream-
wise grid point locations were used in the boundary-layer
calculation. Figure 6d shows a comparison of the predicted
skin-friction distribution between the Navier-Stokes and
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boundary-layer solutions. Good agreement exists between the
two solutions. Similar agreement exists between the Navier-
Stokes and boundary-layer solutions for the displacement
thickness and velocity profiles as that shown in the previous
examples.

Concluding Remarks
A solution technique for the Navier-Stokes equations is

presented and demonstrated for cascades. This method which
is based on a previously developed8'9 explicit multiple-grid,
time-marching scheme has been significantly improved
through the incorporation of a new compact viscous term
discretization scheme, an improved C grid generator, and the
implementation of the Baldwin-Lomax turbulence model im-
posed along a body normal coordinate system.The accuracy of
the computed solutions has been evaluated with experimental
wall pressures and for attached flows, solutions of the
boundary-layer equations subject to the wall pressure com-
puted in the Navier-Stokes analysis. The results of these com-
parisons are quite favorable and have led to the principal con-
clusion of this work that the present method for solving the
Navier-Stokes equations is capable of yielding accurate solu-
tions for the flow in turbine and compressor cascades pro-
vided that the grid is sufficiently fine and that the second and
fourth difference numerical smoothing for the primary
variables pu and pv is reduced to zero in the viscous layer.
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